PU(N) MONOPOLES, HIGHER RANK INSTANTONS, AND THE 
MONOPOLE INVARIANTS 



RAPHAEL ZENTNER 



Abstract. A famous conjecture in gauge theory mathematics, attributed to 
Witten, suggests that the polynomial invariants of Donaldson are expressible 
in terms of the Seiberg- Witten invariants if the underlying four-manifold is 
of simple type. Mathematicians have sought a proof of the conjecture by 
means of a 'cobordism program' involving PU(2) monopoles. A higher rank 
version of the Donaldson invariants was recently introduced by Kronheimer. 
Before being defined, the physicists Marino and Moore had already suggested 
that there should be a generalisation of Witten's conjecture to this type of 
invariants. We adopt a generalisation of the cobordism program to the higher 
rank situation by studying PU(N) monopoles. We analyse the differences 
to the PU(2) situation, yielding evidence that a generalisation of Witten's 
conjecture should hold. 



Introduction 

The two important gauge-theoretical invariants of a smooth closed four-manifold 
are the polynomial invariants of Donaldson [D], derived from anti-selfdual PU(2) 
connections in rank-2-bundles, and the Seiberg- Witten invariants, derived from 
the Seiberg- Witten equations [W] which are associated to Spin structures on the 
four-manifold. Kronheimer and Mrowka have proved a structure theorem for the 
Donaldson invariants KM2 , showing that for 4-manifolds of 'simple type' the 
polynomial invariants are specified by certain algebraic-topological data, in par- 
ticular the intersection form, and a finite set of distinguished cohomology classes 
in the group H 2 (X, Z) each coming with some rational coefficient. With this at 
hand, Witten claims that the polynomial invariants are determined by the Seiberg- 
Witten-invariants, with the basic classes being the first Chern classes of the Spin c - 
structures with non-trivial Seiberg- Witten-invariant, and with an explicit formula 
for the rational coefficients [W]. Witten derived this conjecture from correlation 
functions in quantum field theory and certain limiting behaviours with respect to 
a certain coupling constant. Mathematicians then tried to derive a proof of the 
conjecture by a certain cobordism obtained from PU(2) monopoles. Heuristically 
the idea is as follows (ignoring the technical problems involved). There is a cir- 
cle action on the moduli space of PU (2) monopoles which comes from multiplying 
the spinor component by a complex number of norm one. The fixed point set of 
this action consists of the moduli space of PU (2) instantons, and further a finite 
number of moduli spaces of classical U(l) Seiberg- Witten monopoles. The circle 
acts freely on the complement of this fixed point locus, and the quotient yields a 
cobordism between a projective bundle over the moduli space of PU(2) instantons, 
and projective bundles over the moduli spaces of U(l) Seiberg- Witten monopoles. 
Furthermore, the canoncial cohomology class that yields the polynomial invariant 
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of Donaldson extends to the cobordism. The evaluation of this extension on one 
side, yielding the Donaldson invariant, is therefore equal to the evaluation on the 
other sides, which should be expressions containing the Seiberg-Witten invariants 
of the moduli spaces in the fixed point locus. This program was started indepen- 
dently by Pidstrigach and Tyurin |PT] and Okonek and Teleman |OT2] , [T] . It was 
carried on over years by Feehan and Leness [FLlj . |FL2j . [FL3] . [FL4] . It seems 
that they have now proved the full conjecture |FL5j . 

Recently Kronheimer introduced polynomial invariants associated to moduli 
spaces of anti-selfdual PU (N) connections in Hermitian rank-N-bundles [K] . These 
are generalisations of the Donaldson invariants, but the technical problems are much 
harder than in the classical situation. Before these invariants were even properly de- 
fined, the physicists Marino and Moore [MM] had conjectured that there should be 
a generalisation of Witten's conjecture for these invariants, implying in particular 
that they do not contain new differential-topological information. Their argument 
relies again on physics. Kronheimer computed explicitely his higher rank invari- 
ants for manifolds obtained through knot surgery on the K3-surface, confirming the 
conjecture for this class of examples. Our approach to the situation is to introduce 
PU (N) monopoles in order to follow the cobordism strategy described above. For a 
given Spin c structure s and a Hermitian rank-N-bundle E on X, the configuration 
space will consist of sections VP of the 'twisted spinor bundle' W + — <g>E and by 
unitary connections A in E with fixed induced connection 9 in the determinant line 
bundle of E. The straightforward generalisation of the PU (2) monopole equations 
then read: 

D A * = 
7 (F+)-mo,o(*) = 0. 

Here D ^ is the associated Dirac-operator to A, the map 7 is derived from Clifford- 
multiplication, is the self-dual part of the curvature of the PU (N) connection A 
induced by A, and /io,o is a quadratic map in the spinor which is explicitely described 
below. The gauge group of the problem is that of special unitary automorphisms of 
E. Again, there is a circle action on the moduli space of these PU(N) monopoles 
which is given by the formula (z, A]) 1— > [z 1 / Jv vp j A]. The moduli space oiPU(N) 
instantons is contained as the locus of monopoles with vanishing spinor, and the 
other fixed point loci are labelled by a finite number of isomorphism classes of 
proper subbundles [F] of E. An equivalence class belongs to the [f]-locus 

if for each F G [F] there is a representative ('J, A) with the spinor ^ being a 
section of 5+ ® F and with the connection A splitting according to E = F © F 1 - . 
It turns out that if X is simply connected the description of is particularly 

simple after fixing one such F: The content of Theorem 12.211 is that we have a 
' parametrisat ion ' 

M% F x M a F f -> M [F] . (1) 

Here M^ F is a moduli space of U(n) monopoles |Z2| with n = rk(F) having pos- 
sible values 1 < n < N, and Mp± is the moduli space of anti-selfdual PU{N — n) 
connections in F , In the case n = 1 the moduli space M^ F is a classical U(l) 
Seiberg-Witten moduli space. The map ([1]) is surjective and is bijective if restricted 
to the subspaces of the corresponding moduli spaces which consist of elements with 
zero-dimensional stabiliser. In the classical case N = 2 we can only have n = 1 
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and there are no non-trivial PU(1) connections. Now the components are 
the possible contributions to the formula expressing the PU (N) instanton invari- 
ant according to the cobordism program indicated above. The generalisation of 
Witten's conjecture to the PU(N) instanton invariants would follow if only those 
components M^- F ' contribute in a non-trivial way for which we have n = rk(_F) = 1. 
But the results of [Z2\ indicate that no non-trivial invariants should be expected 
from U(n) moduli spaces with n > 1. 

The first section sets up our configuration space, introduces the above mentioned 
quadratic map /io,o and derives some important properness property of it. The 
PU(N) monopole equations are then introduced and it is indicated how to obtain an 
Uhlcnbeck-type compactification of the moduli space. The second sections studies 
the circle action on the moduli space of PU(N) monopoles, analyses its fixed point 
set and relates it to U(n) monopoles and PU(N — n) instantons. 
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1. The PU(N) - monopole equations 

Here we shall introduce the P/7(A)-monopole equations associated to the data 
of a Spm c -structure s and a Hermitian bundle E — > X of rank N on a Riemannian 
four-manifold X. We shall define the moduli space, and prove a uniform bound 
on the spinor component of a solution to the monopole equations. The standard 
material in Seiberg-Witten theory (Spin c structures, Spin c connections etc.) can 
be found in one of the textbooks on the topics like [N] , [M] or diverse lecture notes 
like [T3] . 

1.1. The configuration space. Let X be a closed oriented Riemannian four- 
manifold with a Spin c structure s on it. The Spin c structure consists of two 
Hermitian rank 2 vector bundles Sf 1 with identified determinant line bundles and 
a Clifford multiplication 

7 : A 1 (T*X)^Hom c (5+,57) . 

Furthermore suppose we are given a Hermitian vector bundle E with determinant 
line bundle w — det(E) on X . We can then form spinor bundles 

W± E := St ® E. 

Clifford multiplication extends by tensoring with the identity on E. This way we 
obtain a Spin c - structure 'twisted' by the hermitian bundle E. 

Let 6 be a fixed smooth unitary connection in the determinant line bundle w. We 
shall denote by .e/g(E) the space of smooth unitary connections on E which induce 
the fixed connection 8 in w. This is an affine space modelled on fi 1 (X ; su(E)) . 
Here su(E) denotes the bundle of skew-adjoint trace-free endomorphisms of E. 
Furthermore T(X; W^ E ) denotes the space of smooth sections of the spinor bundle 
W^ E . We define our configuration space to be 

%, E ,e :=T(X-W+ E ) x ^ 6 {E) . 



4 



RAPHAEL ZENTNER 



We denote by Sf° the group of unitary automorphisms of E with determinant 1; it 
is the 'gauge group' of our problem. It acts in a canoncial way on sections of the 
spinor bundles, and as (it, V a) uV/iit -1 on the connections, where it is a gauge 
transformation and Va a unitary connection. In particular it lets the induced con- 
nection in the determinant line bundle w fixed. The set 33 Bt E is defined to be the 
configuration space up to gauge, that is the quotient space ^s,£:,e/^ . 

The reason we consider only smooth objects is purely a matter of simplicity here. 
Obviously, as soon as we wish to consider more analytical properties like transver- 
ality, we study suitable Sobolev-completions of these spaces. 

1.2. Algebraic preliminaries. We shall now recall the definition [Z2] of the qua- 
dratic map Ho,r ■ S + <£> E — * su(S' + ) ®r su(E), defined for a real number r 6 [0, 1]. 
For r = Q it will appear in the PU(n) - monopole equations. This map is a 
straight-forward generalisation of the corresponding map appearing in the classical 
P[/(2)-situation studied by Teleman and Feehan-Leness and as well as the one in 
the classical (abelian) Seiberg-Witten equations. 

The twisted spinor bundles W± E are associated bundles of the fibre product of a 
Spin c principal bundle and a J7(n)-principal bundle on X, with the standard fibre 
C 2 ®C n . 

Let us consider the isomorphism 



Both components p and q are orthogonal projections onto their images. Note that 
g[(C 2 ) (8>0l(C n ) and 0l(C 2 <S>C n ) are canonically isomorphic. We define the orthog- 
onal projections 



to be the tensor product ( )o ® p respectively ( )o <8> q, with ( ) denoting the 
trace- free part of the endomorphism of the first factor C 2 . 
For elements $ £ C 2 ® C™ we define 

/io,r(*,$) :=P(V3>*) + tQ(<M>*), 

where G 0t(C 2 <g) C") is defined to be the endomorphism E $($,H). 

With this notation /xo i i(\E f , 4>) is simply the orthogonal projection of the endo- 
morphism G g[(C 2 ® C n ) onto 5l(C 2 ) ® g[(C"). We shall also write Mo,t(*) : = 
/j, ^ T (^, for the associated quadratic map. In the case n = 1 the map /i ,i(*) is 
the quadratic map in the spinor usually occuring in the Seiberg-Witten equations 
WJ [KMJ. The proof of the following proposition can be found in [Z2J. 

Proposition 1.1. Suppose n > 1. Then the quadratic map ^o,t w uniformly 
proper. In other words, there is a positive constant c > such that 



(p,q): 0[(C") ^s[(C")©Cid 




a tr(a) • id, — tr(a) • id 

n n 




P : 0[(C 2 <8> C") -» s((C 2 ) ® st(C n ) , 
Q : 0[(C 2 ®C n ) ^s((C 2 ) ®Cid 



KrWI >C|*| 2 . 



(2) 



MONOPOLES, HIGHER RANK INSTANTONS, AND SEIBERG-WITTEN INVARIANTS 5 



As a consequence we have the formula 

^c 2 )*) 4 (3) 

whenever r > 0. 

By slightly modifying the proof of the latter proposition in |Z2j we get also the 
following: 

Proposition 1.2. Suppose N > 2 or r 7^ 0. Then the bilinear map /io. T is 'without 
zero-divisors' in the following sense: If [io.ri^, = 0, then either 'i 1 = or $ = 0. 

□ 



Because of the equivariance property of the map (1q_ t we get in a straightforward 
way corresponding maps between bundles, giving rise to 

Mo.r : Wf E x W± E - sl(St) ®c Qi(E) , 

respectively, for the quadratic map, 

Mo,t : Wf E -> 5u(5 5 ± ) ® R u(£) . 

These maps on the bundle level satisfy the corresponding statement in the above 
proposition with the same constant c. 

Definition 1.3. If we wish to make precise to which Hermitian bundle E we refer 
we shall denote the corresponding bundle as an upper-script ^ T . 

1.3. The PU(N)-monopole equations. The Clifford map 7 is, up to a universal 
constant, an isometry of the cotangent bundle onto a real form inside Homc(S 1 ^ 1 ", S~) 
which can be specified by the Pauli matrices. We extend 7 to End(5 5 f (B S~) by 
—7* on the negative Spinor bundle. It then naturally extends to exteriour powers of 
T*X, and in particular its restriction to self-dual two-forms is zero on the negative 
Spinor bundle, and induces an isomorphism 

1 :A 2 + (T*X)^su(S+) . 

Taking the tensor product with the identity on E induces a Clifford multiplica- 
tion 7 : A 1 (T*X) — > Hom(W s + E , W~ E ). Let's fix a background Spin c connection B 
on 5. By composing the connection Vs <g> with the Clifford multiplication we 
get a Dirac operator 

D A := 7 o (V B ® V i ) : T(X; W± E ) - W^,) . 

This is a self-adjoint first order elliptic operator. We have oppressed the Spin 
connection B from the notation because it will not be a variable in our theory. 

We are now able to write down the PU(N)-monopole equations associated to the 
data (s, E) consisting of a 5pin c -structure s and a unitary bundle E on X . These 
equations read as follows: 

D A V = 

(4) 

l(F+) ~ W>,o(*) = • 
The left hand side of the above equations can be seen as a map & of the config- 
uration space = T(X, W+ E ) x sHg{P E ) to the space T(X, W~ E ) x T(X,su(S+) ® 
su(E)). As such it satisfies the equivariance property 

&{u.{V,A)) = {ux ad„)(^(*,i)) . 
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Therefore it is sensible to define: 

Definition 1.4. The moduli space M 5j e,8 of PU{N) monopoles is defined to be the 
solution set of the equations modulo the gauge-group ^° : 

M StE ,e ■= e m 3 , E \&(V,A) = 0} . 

There is an elliptic deformation complex associated to a solution A) of the 
PU(N) monopole equations. Its index equals minus the 'expected dimension' of 
the moduli space. The latter is given by the following formula: 

d(s, E):=-2 (pi(*u(£0)> \ x \) - (N 2 ~ (*) - b i( x ) + 1) 

- ^ sign(A) + ( Cl (£) 2 - 2 c 2 (i?) + ci(L) Cl (£;)+ ^ci(L) 2 ,[X]} , 

where pi(su(E)) denotes the first Pontryagin class of the bundle su(E), b^X) 
the maximal dimension of a subspace of H2(X;M) on which the intersection form 
of X is positive definite, and sign(A) the signature of the intersection form. In 
this formula the expression in the first line of the right hand side is the expected 
dimension of the moduli space of PU(N) ASD-connections in E, and the second 
line is the index of the Dirac operator D^. 

1.4. Uniform bound, compactification. The moduli space M s< E,e turns out to 
be non-compact in general, but possesses a canonical compactification very ana- 
logue to the Uhlenbeck-compactification of instanton moduli spaces jDKj . The 
main reason is that there is a uniform C° bound on the spinor part \E r of PU(N) 
monopoles A] e M s ,e,b- Knowing this, the compactification is fairly standard 
|DKj . |T2] , |FL3j . and therefore we will keep our exposition very brief on this point. 
An outline for the PU (N) case can also be found in |Z1| . 

The C° bound is derived similarly to classical Seiberg-Witten theory [KM] from 
the Weitzenbock formula for the Dirac-operator D ^ by making also use of the above 
Proposition ll.il see also |Z2] for a similar computation. 

Proposition 1.5. There are constants c, K G R, with c > 0, such that for any 
monopole [^,A] £ M s ,e we have a C° bound: 

max|*| 2 < max{0, K/c 2 } . (5) 

Here the constant K depends on the Riemannian metric, the fixed background Spin 
connection whereas the constant c is universal. 

Let s be a Spm c -structure on X and let E — > X be a unitary bundle on X. We 
denote by E-k a bundle which has first Chern class ci(E^k) = c%(E) and whose 
second Chern class satisfies 

(c2(E- k ),[X\) = (c 2 (E),[X])-k . 

On a four-manifold such a bundle is unique up to isomorphism. 

Definition 1.6. An ideal PU(N) monopole associated to the data (s,E,9) is given 
by a pair ([*&, A],x), where [9, A] G M Si E_ k ,g is a PU(N) monopole associated to 
(s,E-k) monopole, and x is an element of the k-th symmetric power Sym k (X) of 
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X (that is, an unordered set of k points in X, x = {xi, . . . ,xt})- The curvature 
density of A], x) is defined to be the measure 

|^| 2 +8rr 2 5> s . 

The set of ideal monopoles associated to the data (s, 6) is 

IM s , E ,e ■= [J M SiB _ k ,e x Sym k (X) , (6) 

fc>0 

which is endowed with a convenient topology [DKj . |T2j . Rougly speaking, 
in this topology a sequence in the main stratum [^„,A„] converges to a point 
([$,!?], x) G M Si E_ k ,e x Sym k (X) if the sequence of measures \ 2 vol converges 
to the measure given by \F^\ 2 vol + 8ir 2 J2 x ex an d ^ converges to $ in the 
complement of x in X. The main result is then: 

Theorem 1.7. (Compactness- Theorem) The closure of M s ^E,e inside the space of 
ideal monopoles IM 3t E,9 is compact. 

2. The circle-action and its fixed-point set, relations to 

U (n)-monopoles 

This section is the core of our considerations. There is a circle-action on the 
configuration space modulo gauge which is induced by multiplying spinors with 
complex numbers of absolute value one. The fixed-point set of this circle-action 
obviously contains elements with zero spinor component, and the other elements are 
those which have a connection that splits up into the direct sum of two connections 
on proper subbundles on E and which have the spinor component being a section 
of a corresponding subbundle. The latter fixed-point set are naturally labelled 
by isomorphism classes of proper subbundles of E. We shall describe a way of 
'parametrising' these fixed point loci by picking a representative vector bundle for 
each isomorphism class. Next we restrict our considerations to the intersection of 
the fixed-point set with the moduli space of PU(N)— monopoles: fixed-points with 
vanishing spinor are then simply anti-selfdual PU(N)- connections in E, whereas 
the other fixed-point sets are fibrations of moduli spaces of PJ7(n)-connections in 
a summand F of E of rank n over moduli spaces of U{N — n)-monopoles in the 
complement of F in E. 

2.1. Reductions and stabilisers of connections under the gauge group. 

Here we study the stabilisers of connections A € £$?q(Pe) under the action of the 
gauge group £f . 

An element u of the gauge group Sf° acts on the set of connections A in s^q(Pe) 
by the formula 

u(A) = A - (d^u)^ 1 , 
where we consider u as section of the vector bundle qI(Pe). The stabiliser of 
the connection A inside the gauge group G is the group of automorphisms which 
preserve A: 

r(i) =l u g sf° | u{A) = A\ 

= {u<E& | d A u = 0} 
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This group T(A) is a finite-dimensional compact Lie-group if the base manifold X 
is compact. Indeed, we can see by parallel transport that an element u 6 is 
determined by restrictions to one fibre in each component of X. In particular, if X 
is connected, then T(A) can be seen as a closed Lie subgroup of Aut(E x ) for any 
point x € X. Further, by choosing an element in the fibre of x inside the principal 
fibre bundle Pe, we get a non-canonical identification of Aut(E x ) with the structure 
group U(N). Thus T(A) can be seen as a closed Lie supgroup of U(N). 

Note that the stabiliser always contains the centre Z(G) of the structure group 
G, T(A) D Z(G). In our case, the centre injects as 

Z(SU(N)) = {A id E | X N = 1} 

Definition 2.1. The connection A 6 s$q(Pe) is called reducible if the stabiliser 
T(A) is different from the centre Z(SU{N)). 

Suppose now that A is reducible and that d^u — 0. We recall a standard result 
for normal endomorphisms of a Hermitian vector-bundle. An endomorphism u is 
called normal if uu* — u*u, where u* is the adjoint endomorphism with respect to 
the Hermitian structure. The following lemma is easy to prove: 

Lemma 2.2. Suppose the normal endomorphism u £ End(E) is A-parallel, d^u = 
0. Then its spectrum is constant and there is a A-parallel decomposition of E into 
subbundles 

A£ Spec(u) 

Each summand E\ is u-invariant, and we have u\e x — A id^ x - In other words, the 
E\ are eigen-bundles of the endomorphism u. 

□ 

As a corollary one obtains that a connection A is reducible if and only if there is 
a proper subbundle F of E which is A - parallel. For, the latter condition clearly 
implies that A is reducible in our definition. On the other hand, if the stabiliser 
T{A) is strictly bigger than the centre Z(SU(N)), then by the preceding lemma 
there must be a A-parallel automorphism u e which admits an eigenvalue which 
is not an N th root of one, and therefore there must be such a A-parallel subbundle. 

2.2. Stabiliser of a configuration under the gauge group. The topology of 
the configuration space up to gauge 3§ St E = does not really have nice 

properties. It can be quite singular due to the fact that the gauge-group may have 
non-trivial stabilisers. However, if we restrict our attention to the subset of the 
configurations which have trivial stabilisers, then the quotient under the gauge- 
group has the nice property of being a Banach-manifold 0. If we require the 
stabilisers to be finite groups, then we still get a quotient in which the singularities 
are relatively mild. However, the configurations which have positive-dimensional 
stabilisers are more delicate. 



actually, we rather get a 'Frechet'-manifold, since we are working with C°° configurations 
- but as soon as one completes the configuration space with respect to some Sobolev norms we 
really get a Banach-manifold 
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We define the stabiliser r(\t', A) of a configuration (Vp, A) e c 6 6 .e to be the set 
r((*,i)) = \u e Sf° | u(V,A) = 

= {u e Sf° | «(*) = d^u = 0} . 

Definition 2.3. 77ie subset ^* E C (respectively C €** E ) is defined to be the set 

of configurations ('J, ^4) £ ^s.e) which has zero- dimensional stabiliser (respectively 
trivial stabiliser) . The subset E C is defined to be the subset ff* E /^° C 

@)s t E- The subset SS* 5 * E is defined correspondingly. 

It is easy to see that the stabiliser of a configuration ('J, A), with ^ non- vanishing 
and the connection A irreducible, is trivial. Furthermore, the configurations (^,^4) 
with 'J = and irreducible connection part A have stabilisers which are the finite 
group Zjv. These claims, as well as the following Proposition, follow easily from 
Lemma (12.21) in the section of reducible connections above. 



Proposition 2.4. Suppose we have given a configuration ('J, A) with non-vanishing 
spinor '5, and the connection of the form A — A\ © A? according to a A-parallel 
decomposition E — F © F , with both A\ and A2 irreducible. Then its stabiliser is 
a finite (and thus zero-dimensional) group. 

2.3. The circle action. We are given an S^-action on the configuration space ^ s ,e 
given by the simple formula 

S 1 x ^ E -^^ Bt E 



(z,(M)) ->(*M) 



Now as this action commutes with the action of the gauge group §f°, we see that 
we get a well-defined action on the quotient, 

The action is not effective. In fact if z N = 1 there is always a gauge-transformation 
u with u(V,A) = (z~$>,A), that is [^,A] = [z^,A]. This is because the centre 
Z(SU(N)) = Z/N always injects into the stabiliser of the connection A £ s^q(Pe)- 
Therefore we define 

r (z, z 1 ^^,! . 

In this formula z x l N is any N th root of 1, the equvialence class [z 1 ^^, A] does not 
depend on the particular choice. 

Remark. Suppose we had chosen as gauge-group the group of unitary bundle- 
automorphisms of E which fix the connection 6 only, that is, the larger group 
of unitary automorphisms with constant determinant. Then the same action on 
^ St E = W + ) x .b^s{Pe) would have introduced the trivial S 1 -action on S8$.e- 
This justifies our choice of the gauge group Sf° as T(SU(E)). 

Lemma 2.5. Suppose there exists some zq € S 1 with zq ^ 1 such that [z^ N H! , A] — 
A]. Then for any z G S 1 we have 

[zV,A] = [v,A] . 

Thus an element [^,A] is a fixed-point of the circle-action if and only if it is left 
fixed by some non-trivial element zq £ S* 1 under the action r. 
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Proof: This is certainly true for vanishing spinor component. Therefore suppose 
7^ 0. By hypothesis there is some zq ^ 1, a gauge-transformation u 6 Sf° and an 
TV" 1 root Zq^ of zo such that 

and furthermore we have d^u = 0. Therefore Zq is an eigenvalue of the endomor- 
phism idigm on S + ®E, but this implies that Zq is an eigenvalue of u which is not 
an N th root of the unity. By the above lemma |2"T21 we see that A must be reducible, 
E splits into a direct sum of A-parallel summands E = ®Ei and u decomposes into 
u = A^id^. One of the eigenvalues must be equal to Zq N and '5 is a section 
of the corresponding bundle S + (g> Ei. With this given splitting and for any z G S 1 
one then can certainly find gauge transformations u z i/n for any N th root z x l N of 
z such that d^u z i/N — and « 2 i/«* = z 1 ^*. □ 



Using the above lemma |2~21 again we deduce the following simple criterium for 
fixed-points under the action r above: 

Proposition 2.6. A configuration up to gauge [\&, A] £ 3§s,E,e is contained in the 
fixed point set of the action r if and only if for some (or equivalently, for any) 
representative (^>,A) we have one of the following (possibly both): 

(1) There is a non-trivial A-parallel orthogonal decomoposition E — ®Ei and 
the spinor is a section of one of <g) Ei 

(2) The spinor vanishes VP = . 

Further down we will see that if we impose in addition the monopole equations 
the spinor component of a fixed point [^,^1] will automatically lie in a proper 
summand S + ® Ei as soon as the connection A is reducible. 

2.4. The 5 1 -fixed point set inside the configuration space modulo gauge, 
and parametrisations. First we will describe the fixed-point set of the 5 1 -action 
inside 33 S ,E- In the above Proposition 12.61 we saw that these are related to proper 
subbundles of E. However, two subbundles which are mapped into each other by 
gauge transformations, i.e. automorphisms of E, should be considered equivalent. 
This equivalence of subbundles might be called 'ambiently isomorphic', but it is 
easy to see that two subbundles of E are ambiently isomorphic if and only if they 
are isomorphic as abstract bundles. This even holds for prescribed determinant. 
For the further work, especially for describing the intersection of the fixed point set 
with the moduli space, it turns out useful to fix representatives F S [F] for each 
such isomorphism class. This yields to a 'parametrisation' of each component of 
the fixed point set which is determined by the isomorphism class [F] . 

Definition 2.7. Let F be a proper summand of the unitary bundle E. We define the 
set to be the set of all elements [\?, -A] £ 3§ s ,e such that for some representative 
('J, A) there exists a A-parallel decomposition E = F F with 'J € T(X, (g> F) . 

It is easy to see that this set is contained in the S^-fixcd point set E . 

Another subset of the fixed point set is given by the following definition: 
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Definition 2.8. We define the set 38f E to be the set of set of all elements A] G 
£$s,E such that for some (or equivalently, for any) representative (if, A) the spinor 
vanishes identically, "J = 0. This set is contained in the S 1 -fixed point set. 



The above Proposition [276] gives then the following description of the fixed point 
set of the S 1 - action r: 



Proposition 2.9. The S 1 -fixed point set SS^ E is given as the union 

u <i) u m . 



[F1C.E 



Here the first union is taken over all isomorphism classes of proper subbundles of 
E. 

We should point out as well that the different components 3§ E may a priori 
intersect each other or the fixed-point component of vanishing spinor S§^%- We 
would also like to remark that for rank strictly higher than 2 we may always have 
infinitely many such isomorphism classes of proper subbundles [F] of E, even for 
definite intersection form. 

\F] 

In order to have a convenient description of the set 3$^ E g it seems natural to fix 
an actual proper subbundle F for each isomorphism class [F] . Hence the following 
definition: 

Definition 2.10. We define the configuration space relative to the splitting E 
I © F 1 - as the following set: 



#F®F A 

\,E,e 



{(*,ii,i 2 ) E r(S+® f) x ff{F) x £/(F ± ) 
det(At) (gi det(A 2 ) = 6>j 



Correspondingly, the group of unitary automorphisms with determinant 1 respecting 
the splitting E — F F is defined to be 

& F(BF x := { («i,U2) e T(U(F)) x T(U(F X ))\ det{u x ) ■ det{u 2 ) = 1} 

As usually, we denote the quotient by: 

^s,E,8 ■— ®s,E,9 I^FQF 1 - ■ 

It is then easy to see that this yields a well-defined map 

[$,A 1 ,A 2 ] i-> ®A 2 ] . 

This map is easily seen to be always surjective. However, it fails to be injective in 
general. Nonetheless, on a dense subset of 3§ s ® it is, as we shall show next. We 
will think of the map if as a 'parametrisation' of the fixed-point set component 

As before, let us denote by 8&* s E ® F and by S§* ^ the configurations which 



have finite-dimensional stabiliser in their groups S?° respectively ^ F ^ F ±- Further, 
we denote by 3§l' E r F ® F the subset of S3* E ® F consisting of elements A\, A 2 ] 
with non-vanishing spinor, ^ ^ 0, and both connections A\ and A 2 irreduible. 
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By the way, A%, A2) has zero-dimensional stabiliser in & FmF ± if and only if 
('J, A\ © A 2 ) does so in Now we can state the following: 

Proposition 2.11. Restriction of the map ip yields an injective map 

from the subset S§*^% T F ® F of configurations, up to gauge, with zero-dimensional 
stabilisers inside ^ F ^ F ± and irreducible connections, into the fixed-point set compo- 
nent 3§* of configurations, up to gauge, with zero- dimensional stabilisers inside 

Proof: For simplicity we note i instead of ip. Suppose we have elements ["J, Ai, A2], 
[$,£1, £ 2 ] G F(BF± such that i{[^,A 1 ,A 2 ] = i[^,Bi,B 2 ]. This is equivalent 

to saying that there is a gauge transformation u G such that 

= $ 

u(A 1 ®A 2 ) = B t © B 2 . 

The second equation implies that u is an (Ai © A 2 ) © (£?i © -B2)* -parallel endomor- 
phism of -E. Let us write u in the form 

u 2 i u 22 

according to the splitting E = F © F- 1 . Injectivity will follow if we have it 12 = 
and 7/21 = 0. It is enough to show just M21 = 0, as the other equation will follow 
from the fact that u is unitary. We find that the morphism tin is B\ © ^-parallel, 
the morphism u\ 2 is B\ © A^-parallel, the morphism 1*21 is B 2 © ^-parallel, and 
the morphism U22 is B 2 © j42~P araue l ■ 

Now all the connections Ai, Bi, i = 1,2 are unitary connections. Therefore the 
fact that, for instance, u± 2 is Bif&A^ -parallel implies that the adjoint u* 2 is A 2 ®B*- 
parallel. As a consequence, the endomorphism 1*21^21 of F is A\ © .Af -parallel, and 
the endomorphism u\ 2 u\ 2 of F 1 - is A 2 © A^-parallel. By the hypothesis A-y and 
A 2 are irreducible, so that the above Lemma T2.2I implies that there are constants 
f, C G C with 

u* 2l u 21 = £ i<lp 
u\ 2 U\ 2 = C id F ± . 

We have to show now that under our hypothesis £ = or £ = 0, implying then that 
U21 = respectively ui 2 = 0. But if we had £ =/= 0, then U21 is injective at each 
point x E X. By the hypothesis we get that if? ^ 0, and therefore we would have a 
non-trivial section u 2 i(*f?) G © F 1 - . However, we have u(^>) = where <& is a 
section of © F, so that this would yield a contradiction. Therefore £ = and as 
a consequence u 2 \ — and U12 = 0. □ 



Remark. From the above proof we see that ^* 5 ' l F r F ® F is not the maximal pos- 
sible subset on which ip is injective. For instance, it would have been enough that 
if? ^ and A\ irreducible, but then we do not necessarily have value inside the 
configurations with zero- dimensional stabilisers. 
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Next we shall discuss a canonical fibering of the configuration space up to gauge 
respecting the proper decomposition E — F © F that we have introduced above. 
Let us denote now by Sfp the group of special unitary automorphisms of the unitary 
bundle F on X, that is & F = T(X, SU(F)). So, with this notation, Sfg is the gauge 
group we have until now denoted by the letter On the other hand, we shall 
denote by Sfp the group of unitary automorphisms of F, that is, Sfp = T(X, U(F)). 

Lemma 2.12. We have an exact sequence of groups given by 

1 -> S?°x &° mF ± -i Sfr - 1 . 

ifere i/ie morphisms are given by i{v,2) = (idp,U2) and j{{u\, u%j) := u%. 

Proof: The only non-trivial point is the surjectivity of the morphism j. Indeed, 
for a given gauge transformation u-i G Sfp we have to find some automorphism 
u\ G Sfpj. such that det(wi) • det(u2) = 1. So we have to find an automorphism 
of F 1 - with prescribed determinant det(u2) _1 . That this is indeed possible follows 
from obstruction theory [S] [MS] . □ 



We shall introduce some new notation now. Given a Hermitian vector bundle 
F on X we shall denote by Pp its associated frame bundle, a principal bundle of 
structure group U (n), where n is the rank of F. Let us denote by s/pu(F) the affine 
space of connections in the associated PU(n)-bund\e Pp x n PU(n), where it is the 
natural projection U(n) — > PU(n). Note that in the case that n — rank(F) = 1 
the bundle Pp x ^ PU (n) is the trivial principal bundle with structure group the 
trivial group, and both g/pjj(F) and s/pu{F) /Jfp consist of a single point. 

Definition 2.13. We introduce the configuration space ^^p to be the set of all 

configurations (JS,B) G T(S^~ (£> F) x &/(F). The subscript U points out that here 
we take arbitrary unitary connections in the bundle F ( and not such with fixed de- 
terminant). Correspondingly, 3§Y F denotes the configuration space ^^p quotiented 
by the gauge-group ^p of full unitary automorphisms of the unitary bundle F. We 
shall also denote by £§ F U the set of all PU (n)- connections A G £/p U in the unitary 
bundle F up to the gauge group Sfp of special unitary automorphisms of the bundle 
F. 

Proposition 2.14. Suppose the ^-manifold X is simply connected. Then we have 
a bijection 

U ■67 S F®F 1 - S jgU cwPU 
II -^> & p * ,J °s,F * ^°p-L 

[*,il,i 2 ] » ([*,il],[A 2 ]) . 

Proof: 

First of all it is easily checked that the above map h is well-defined. Let n denote 
the rank of F, n = rk(F). The rank of F 1 - is then N — n. At this point we should 
recall the action of the gauge-groups <Spx and <£ F ± on PU(N — n)-connections in 
the associated bundle P F ± x, PU(N — n). It suffices to discuss the first case. So 
let U2 be a unitary automorphism of F , or, equivalently, an automorphism of the 
U(N — n)-bundle Pp± . It induces an automorphism v,2 of the associated bundle 
P F ± x v PU(N — n) by the formula U2(\p, a]) ■— [u2(p),o], where here p G Pp± 
and a G PU(N — n), and [p,a] denoting the associated element in the associated 
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bundle. Let us denote by ip U2 the Ad-equivariant map P F ± —> U (N — n) associated 
to u 2 , and ipu 2 the Ad-equivariant map P F ± x, PU(N — n) associated to u 2 . The 
two are related by the formula 

where W is the natural bundle morphism P F ± — > P f j_ PU(N — n) given by 
7f(p) := [p, 1]. The connection M2(^42) is given by the formula: 

u 2 (A 2 ) = A 2 - p-^d A2 <pu 2 . 

Here cIa 2 denotes the covariant derivative associated to the connection A 2 . On the 
other hand, if A 2 is the PU(N — n)-conncction induced from the unitary connection 
A 2 E ^/(F- 1 -), then u 2 (A 2 ) is the PU(N — n)-connection induced from the unitary 
connection u 2 (A 2 ). Therefore we shall also denote ^2(^2) simply by u 2 (A 2 ), bearing 
in mind, however, that 112(^.2) does not depend on det(u2). This means that 
whenever u 2 and u 2 differ by a f/(l)-valued function £, then the automorphism 
u' 2 = (u 2 has the same effect on A 2l u' 2 (A 2 ) = u 2 (A 2 ). With these preliminaries by 
hand we can now succeed with the proof. 

We would like to construct an inverse of the map h introduced in the Propo- 
sition we want to prove. First we should have an idea what it should look like 
on the configuration space level (before equivalence up to gauge). So the entity 
((W , A\) , A 2 ) should be mapped to a convenient element in ^ F F F ■ Now let us 
denote by B 2 (8, A 2 , A\) the unique unitary connection B 2 G ^(F 2 -) such that 

(1) det(ii) Odet(S 2 ) = 6 ^ det(B 2 ) = 6 ® det(AJ) , and 

(2) The PU(N - n)-connection induced from B 2 is A 2 G J^pu(F ± ) ■ 
So on the configuration space level we have the map 

k:^ F x^ PU (F^)^% F i F± 

((M1M2) >- (tt.Ai.Ba^.Aa.i!)) • 

We would like to show that it descends to the quotients by the respective gauge- 
groups. So let u 2 G Sf^ = T{X,SU(F^)) and ui G <S F = T(X,U(F)). Then the 
entity (iii^ , Ai) , u 2 (A 2 )) maps to 

(v,!^, ui(ii), B 2 {6, u 2 {A 2 ), ui(ii))) . 

We have to show that there is a gauge transformation (u[,u' 2 ) G ^ FS)F ±, that is, 
unitary automorphisms u[,u' 2 with det(u[) ■ det(u 2 ) = 1, such that 

(u' 1 ,u' 2 ).(^,A 1 ,B 2 (6,A 2 ,A 1 )} = (u 1 ^,u 1 (A 1 ),B 2 (9,u 2 (A 2 ),u 1 (A 1 )^ . 

Clearly we must have u[ = tti, at least if the spinor is non- vanishing, but otherwise 
it appears to be the natural choice. Now by assumption X is simply connected, 
so that any {/(l)-valued function on X admits an (N — n)-th root, albeit not a 
canonical one. Let us denote by det^i) -1 /^ - ™) some choice of an (N — n)-th root 
of det(ui) -1 . With the preliminaries made, and by explicit computations, it is then 
easy to see that u 2 := det^i) -1 /^ - ™^ will satisfy the requirement. This shows 
that the map k induces a map k when passing to the quotients: 
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It is now easily checked that k and h are inverses of each other. □ 



Remark. Without the assumption that X is simply- connected we can still show that 
we get a fibration SS^p] F — > p with standard fibre s#pu(F' L )l c Sp±- The non- 
triviality of this fibration should be encoded in Hi (X, Z) . From now on, however, 
we shall suppose that our 4-manifold X is simply connected. 

2.5. The circle-action on the moduli space of P[/(A^)-monopoles. Until now 
our consideration of the ^-action and its fixed point set was inside the configuration 
space up to gauge, 3S s ,E,e- It is an easy observation that the moduli space of 
Pf (iV)-monopoles M 5j e,s C 38 St E,e is invariant under the r-action, r{S x ,M s> e) C 
M s> e- All we have found out about the circle-action on Z$ s ,e,6 applies to the 
restriction of this action to the moduli space as well. However, there are more 
things we can say about the fixed-point set of the circle-action for this restriction. 
In particular, these fixed-point sets are naturally related to other moduli spaces. 
Obviously the intersection £%^fp e H M s E ,e consists of anti-self-dual connections 

in E, and the intersection Se^\ g H M s> e,6 is parametrised by the product of the 
moduli space of £/(n)-monopoles in P, with n = rk(P), and the moduli space of 
anti-self-dual PU (N — n)-connections in F . 

Proposition 12.61 above described the fixed-points of the circle-action on £3 5 ,e,9, 
the configuration space modulo gauge. In particular the element A] lies in 
1^ g if and only if for a representative (vt, A) we have a A-parallel decomposition 
E = F © F , and the spinor part ^ is a section of (8) F, This second condition 
becomes automatically satisfied if ("J, A) solve the PU(N) monopole equations: 

Proposition 2.15. Suppose the configuration ("P, A) satisfies the PU(N)-Seiberg- 
Witten- equations associated to the data (s,E). 

Suppose further that the connection A is reducible, and that E = ©P.; is a A-parallel 
orthogonal decomposition into proper subbundles, and that the base manifold X is 
connected. Then the spinor must be a section of one of the bundles 5+ © Ei . 

Proof: Suppose the connection A splits into two connections A\@A2 with respect 
to E = Ei © i?2- As an endomorphism of E the curvature F^ splits as 

F- ° 
A ~ \ F A2 

In other words, it is a section of A 2 (T*X) ® (u(Fi) ©u(i?2))- The trace-free part 
F A is then a section of the bundle A 2 (T*X) <g> ((u(Fi) © u(E 2 )) nsu(F)). Therefore 
the curvature-equation of the Pf/(7V)-monopole-equations implies that 

W),o(*) e r(X,su(S+) ® ((u(E 1 )®u(E 2 ))nsu(E))) . (7) 

Now decompose the spinor as * = + ^2, where &i G 5+ ©Pi). Recall that 
the quadratic map /xq,o is defined to be /io,o( v I') = f-o.oi^, where on the right 
we mean the bilinear map ^o.o- We get 



jU 0) o(*, *) =j"o,o(*i, *i) + Mo,o(*i, *2) + A*0,o(*2, *l) + Mo,o(*2, * 2 ) 
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By the definition of fio.o and by the above equation ([7]) we see that no,o(^fi, ^2) = 
A 1 o,o( v I / 2, ^l) = 0. Now from the fact that the bilinear map /io,o is 'without zero- 
divisors' by the above Proposition 1 1 . 21 we see that in each fibre $1 = or $2 = 0. 
Suppose we have \E'i(a;o) =/= for some point xq G X. As ^ is continuous we must 
have iff ^ for all x in some neighbourhood U of xq. Therefore iff 2 = on U . How- 
ever, the Dirac equation Djjff = implies that D A ^1 = and that D A ^2 = 0, 
where the Dirac operator : T(X, 5+ (8> Ej) — ► T(X, S~ (8> Ej) is defined to be 
the composition of . B : T(X, 5+ <g> E;) -> fi 1 (X, 5+ ® Ej) with the Clifford-map 
7 : T*A ® (S+ ® Ej) — ► (S 1 " <g> -Ej). But for each of these Dirac operators there is a 
unique continuation theorem for elements in its kernel by Aronaszajin's Theorem 
[A"] . Therefore, as ^2 = on U, it must vanish identically on X. The general case 
follows easily by iterating the same argument. □ 



Another important result is the following finiteness property of the fixed-point 
set inside the moduli space: 

Proposition 2.16. The set E ^ as non-empty intersection with the moduli space 
M sE at most in the locus of vanishing spinor and in finitely many components 
38 s E , where [F] runs through the set of isomorphism classes of proper summands 
ofE. 

Proof: We will show that if [iff, i] G M S . E n 3§\ F] El then cf(F) lies in a bounded 
set within H 2 (X,R), and (c 2 (F), [X]) G Z is bounded also. As cf(F) is in the image 
of the morphism H 2 {X, Z) — > H 2 (X, R), it will follow that ci(F) lies in a finite set. 
Also, the morphism H 4 (X, Z) — > Z, given by evaluating a classes a G if 4 (A, Z) on 
the fundamental cycle [X], is an isomorphism. The conclusion is then that only 
finitely many pairs (ci,c 2 ) G H 2 (X,Z) x iJ 4 (A,Z) can occur as first and second 
Chern-class of F. But on a closed oriented 4-manifold unitary bundles are classified, 
up to isomorphism, by their first and second Chern class. 

Recall the Chern- Weil formulae for the image of the first and second Chern class 
inside iJ*(A,R) H* R (X): 

c-(E) = Zi [trF A ] 



-(trF^AtrE^-tr^AE^) 



(8) 



l c f {E ) 2 + ^MF A AF A ) 



(9) 



In particular, 

<c 2 (E), [A]) =i( Cl (i?) 2 , [A]) + ^ ^ tr(Fj A Fj) 

= i( Cl (F) 2 , [A]} + JL (||E7||1 2(JC) - . 

Let us denote by Jff 2 (X, g) the vector space of harmonic 2- forms on A. As a 
subspace of the vector space fi 2 (A) it is a real inner product space, and the de Rham 
isomorphism theorem states that it is canonically isomorphic to the second de Rham 
cohomology group H 2 (A, R) , the isomorphism sending simply a harmonic form to 
its de Rham cohomolgy class that it defines. This way we get thus an inner product 
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on the cohomology group H 2 (X;R). In particular, for a class [ui] G H 2 (X;R) we 
have 

IIHII 2 < Mhix) = ^a*w . 



X 



\L 2 (X) 

It follows that if we want to give a bound on the class c±(F) — [trF^ ] inside 
H 2 (X;M.), Ai being a connection on F, it will be enough to bound the norm 

\\trF Ai \\ L 2 {x) . 

Now by the assumption that A] £ M s> e H Se^\ we have a connection A on 

E that reduces to A\ © A2 according to the splitting E — F F . We therefore 
get the decomposition 

p. ( F M 

A ~ \ fa, 

In particular, 

|^J 2 <|Fi| 2 - (10) 
On the other hand, the Lie algebra u(F) has an orthogonal decomposition u(F) = 
su(F) © iRidi^. Accordingly we have 



\F A f = \F Al \ 2 + ^\trF A f , (II, 



where n equals the rank of F. Therefore 
\ti(F A J\ 2 <n\F Ai \ 2 

<n\F A f (12) 

=n(\F A ? + l\trF A \^ . 

Recall that 7 : ® su(-E) — ► su(S+) (g> su(-E) is an isometry, up to universal 
constant rescaling. The self-dual part F^ of the trace-free curvature is bounded 
through the PL r (A^)-monopole equations ((4]) and the a priori bound on the spinor 
©: 



\f+\ 2 < Co nn 2 



< Co d |*| 2 (13) 

4K 2 

< C Cx — . 

Here Co is a constant that depends on 7 and C% is a constant that depends on the 
map fi only. The constant K depends on the metric, our fixed S'pm c -connection B 
and the fixed connection 9 in the determinant line bundle of E. On the other hand 
we have trF A = Fg, and therfore tr.Ft is bounded also. Therefore we get 

AK 2 

\\F%f L * {X) < Co C 1 — vol(X) + ||F+||| 2(X) (14) 

Now using the Chern-Weil formula ([5]), we get a bound on the L 2 -norm of the 
anti-self-dual part of Ft as well: 

\\F A \\h(x) <8rr 2 (<c 2 (£), [X]) - \{ Cl {Ef, [X])^j + \\F+\\ 2 L2{X) (15) 
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The equations (fT4|) and (fl5|) together imply that the L 2 -norm of the whole curvature 
F A is bounded: 

WFlWUx) <^ 2 ((C2(E), [X]) - ( Cl (E) 2 , [X])) 

RK 2 ( 16 ) 
+ Co C, — vol(X) + 2\\F+\\l 2{x) . 

The bound is given by expressions that depend on the metric g, the Spin c connec- 
tion B and the connection 8 in the determinant line bundle, as well as on some 
constants related to the ft-map and 7, so it is a uniform bound on M s ,e- Let us 
denote by K2 the left hand side of the last inequality. From the inequality (fT2|) 
above we get the desired bound on the L 2 -norm of tri^ : 

\\trF Ai \\l 2[x) <nK 2 . 

This proves the first assertion, c\ (F) belongs to a finite subset of the second coho- 
mology group H 2 (X,Z). 

The Chern- Weil-formulae for F give a bound on the absolute value of the second 
Chcrn number of F: 

|(c 2 (F), [X])\ = \\{ Cl {Ff, [X})\ - JL||F+ ||l 2(x) + _L||^J|| 2(X) 

< ^( Cl (Ff,[X})\ + ^\\F Ai \\l 2{x) . 

As we have \F A \ < \F A \ we get 

WFaXl^x) < \\ F A\\h(x)i 

and the latter is uniformly bounded. As we already have proved that c\(F) is 
uniformly bounded in H 2 (X,~R) we get that \(ci(F) 2 , [X})\ is also. This implies 
eventually that \(c2(F), [X])\ is uniformly bounded in Z. □ 



Remark. The S 1 -action extends naturally to the Uhlenbeck-compactification 
M s ,e C IM s ,e = Y[M s , E _ k x Sym k (X) . 

k>0 

As only the second Chern-classes decrease in the Uhlenbeck-compactification, the 
determinant line bundle being preserved, we see by the particular estimates in the 
preceeding proof that not only the main-stratum M b e contains only finitely many 
S 1 -fixed point components, but the same is even true for the whole Uhlenbeck- 
compactification of M 5 e- 

In the sequal we shall denote by M^ E the intersection 3§ B e ^ M Sj e, as well as 
by M s E the intersection of 3§ s E n M 5tE - Also, M*^ E shall denote the intersection 
of 38* E with M s ^e, and M*^ E , M* E ^ the respective intersections with the fixed 
point set and the given fixed point set component. 
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2.6. Monopole equations for configurations mapping to the fixed point 
set. Above we have pointed out that for describing the component of the fixed 
point set determined by the isomorphism class of a proper subbundle [F] of 

E, it is useful to keep a representative F fixed. We did then describe the component 
fjl as the image via ip of the space 38g% F which is easier to handle with. It 
will turn out that this way we also get a convenient description of M s which we 

define to be the intersection of 3B a ^ with the moduli space M Sy E- 

Let us write down explicitly the monopole equations which are satisfied by a 
representative A) having the property that there is a A-parallel decomposition 
of E into F © F x , with * a section of 5+ © F, and A splitting as A x © A 2 . Recall 
that det(A) = det(Ai) © det(j4.2) is the fixed connection 9 in the determinant line 
bundle det(E). We then have 

according to the splitting E = F © F 1 - , and also 

V tr tf tl (9) id F , 

The PU(N )-monopole equations H] for the pair (^>, A\ © A2) then read 



D A * = 

MM- f (*) = ^7Wid f ) (i 7 ) 

Here the terms in the second equation are sections of the bundle su(S^) ©r u(F) 
and the terms in the third equation are sections of su(S+) ©r u(F- l ). There is Lie 
algebra decompositions u(F) = su(.F)ffiiR and correspondingly for u(-F ± ). It turns 
out that the HW component of the second and the third equation are equivalent. 
Indeed, taking the trace (with respect to the factor u(F) in su(S+) ©r u(F), and 
correspondingly for u(F )) of the second and the third equation, and using the fact 
that 

tx(F Ai ) + tv(F A2 ) = F e , 

this follows from a simple computation. Therefore the system of equations (|17j) 
above is equivalent to the same system where we take as the third equation only 
the component of su(F J -) according to u(F ± ) = su^F^) © iR. Thus the PU(N) 
monopole equations are therefore equivalent to 

D A * = 

1 i F t) - W = Jf 1 ( F e id ^) (18) 

7(^J=0. 

We summarise this computation in the following: 
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Proposition 2.17. Suppose the configuration (W, A) 6 c ro B> p has reducible connec- 
tion part A = A\ © A2 according to E — F © F , and that the spinor part $ is a 
section of S +I S>F (compare proposition \2.15\ ). Then the PU(N) monopole equations 
for ('J, A) are equivalent to the system U8\) . 

Definition 2.18. We shall denote by M F E F C SS F p\ F the moduli space space of 

solutions , A\, A2) to the above equations H18\) modulo the gauge group ^p^p^- 

As usually, we denote by M* E ® F the subspace of those elements whose represen- 
tatives have zero- dimensional stabiliser. 

Proposition 2.19. The map ip : S$ F p\ F — > S^fp maps the moduli space M F p F 

[ -/'I 

onto the fixed point set component M E inside the moduli space. It maps the set 
M*_ E F ® F± bijectively onto M*[ F] E . 

Proof: The fact that the map is onto is an immediate consequence of the above 
Proposition 12.171 and the definition of M^ F E . For the remaining claim we will show 
that we can apply the above Proposition 12.111 First, we shall observe that if 
[v?, ^1,^2] belongs to M* E ® , then the connections A\ and A2 are indeed irre- 
ducible. Obviously A2 has to be irreducible, but suppose A\ were reducible. We 
would have a A\ - parallel orthogonal decomposition F = F\ ©F2, with A\ splitting 
accordingly, Ai = An © A 12 . 

Let us write * = <3>i + * 2 € T(X, 5+ ® (Fi © F 2 )) for the corresponding decom- 
position of the spinor. We claim that either $1 = or $2 = 0. In fact, (^f,Ai) 
solves the first two of the equations (fT8|) . The map fi F T is 'without zero-divisors' by 
the above Proposition 1 1.21 With this fact the conclusion follows exactly like in the 
proof of Proposition 12. 151 But then the configuration (\&, An © A12, A 2 ) must have 
positive-dimensional stabiliser inside < ^pQ F ± , and the element ['J', Ai, A2] would not 

belong to M*J S)F± . Therefore [ty,A 1 ,A 2 ] belongs to the set ^*'f r F ® F± and we 
can apply Proposition ^. 1 II for getting injectivity. Furthermore it is easy to see that 
the parametrisation ip maps M* E F ® F± onto M*^ E . □ 



The first two equations of (TLB)) are U(n)- monopole equations for (^f,Ai) as 
discussed in |Z2| and the third equation is the anit-self-duality equation for the 
PU(N — n) connection A2. We recall the definition of the corresponding moduli 
spaces. In the terminology of [Z2j the space of configurations ("P, Ai) £ ^ p which 
satisfy the first two equations of (fT8|) quotiented by the gauge-group §?j? of unitary 
automorphisms of F is denoted by M s ,p(l — jj, ■^F^), and called the moduli space 
of U(n) - monopoles of parameter 1 — -S, and perturbed by the self-dual two- form 

N r e ■ 

We shall further denote by M F sd the moduli space of anti-self-dual PU(n) - 
connections in F which is defined to be the space of PU(n)- connections A 6 
£/ PU (F) in F which satisfy the equations Ft — 0, quotiented by the action of the 
gauge-group Sfp of special unitary automorphisms of F. 

In Proposition 12.171 we observed that the monopole equations for the configura- 
tion ('J', Ai © A2 £ c &sp F ) were decoupling into a t/(n)-monopole equation for 
A\) and an anti-self-duality equation for the PU(N — n)- connection A2. Given 
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the product description & F E F — 38% ' F x J^? in Proposition 12.141 it is now not 
surprising that there is a corresponding product description for the moduli spaces, 
as we shall see in the next Proposition. For better notation we shall write M# F for 
the moduli space M S>F (l — jjj, jj Fg). 

Proposition 2.20. Restricting the bijection h of Proposition \2.14\ above to the 
moduli space M F F F we get an induced bijection 

Mm ■■ M F ® F± 4 M" F x M F s ± d 
Together with the map i F we thus get the parametrisation of the fixed point set 

\F\ 

component M s E of the moduli space as the product of a moduli space of U(n)- 
monopoles with the moduli space of ASD — PU(N — n)- connections. In particular, 
for the irreducible parts we get a bijection 

z F o h\-J : M*p x M* F i SD % MlP . 

This follows from Proposition 12.191 and Proposition 12.141 where it is easily 
checked that h\^ maps the 'irreducibles' M* F x M F ± SD onto the correspond- 
ing 'irreducibles' M* S F<SF± . □ 



The whole discussion is now summarised in 

Theorem 2.21. The fixed point set under the above circle-action r on the moduli 
space M 5t E,e of PU(N) monopoles is given as the union of the moduli space M E 
of anti- self- dual PU{N) connections in E and a finite union 

U <i 

[F]CE 

\F] 

of components M s E indexed by a finite number of isomorphism classes [F] of proper 

subbundles of E. The spaces M s A are given as follows: An element [&,A] belongs 

to M^ F E if for each representative F G [F] there is a representative , A) G [^;j4] 

such that F is a A-invariant proper subbundle of E and the spinor $ is a section 
of the proper subbundle S+ ® F of W^ E = 5+ ® E. 

Furthermore, if X is simply connected, then there is a parametrisation of this 

\F] 

space M s E as a product 

Ml F x M a F f -> M [F] E . 
Here MF F is a moduli space of U(n) monopoles, with n being the rank of F, and 
M F S ± is the moduli space of PU(N — n) anti-self-dual connections in F 1 - . This map 
is a surjection and is a bijection between the open and dense subsets of elements 
with zero- dimensional stabiliser in the corresponding moduli spaces, 

M*p x M*r d $ M*P . 

We didn't carry through the topological part of the 'cobordism program' here. 
However, there is evidence that there will be no contributions to the higher rank 
instanton invariant coming from moduli spaces M^f E = M^ F x M F "± with rk(F) > 1 
because the main results of jZ2] are as follows: First, the moduli spaces of U(n) 
Seiberg-Witten monopoles with n > 1 are empty on Kahler surfaces with b^{X) > 
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1 if we perturb with a non-vanishing holomorphic two-form. Second, the U(n) 
monopole equations can be perturbed in a way so that the moduli spaces of the 
perturbed equations are empty after perturbing with a generic self-dual two-form 
if b+(X) > 0. 
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